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Abstract 



We consider spectral problems for the Sturm-Liouville operator with arbitrary complex- 
Q i valued potential q{x) and degenerate boundary conditions. We solve corresponding in- 

verse problem, and also study the completeness property and the basis property of the 
root function system. 



1. Introduction. Consider the Sturm-Liouville equation 

u" — q{x)u + \u = (1) 

S: 

with two-point boundary conditions 
> ■ 

g : B^{u) = aiiu (0) + a^2U (tt) + a,3i^(0) + a^4u{7T) = 0, (2) 

o. 

^ ■ where the Bi(u) [i = 1,2) are linearly independent forms with arbitrary 
^! complex- valued coefficients and q{x) is an arbitrary complex- valued 
function of class Li(0,7r). It is convenient to write conditions (2) in 
. . the matrix form 

_ I '^11 '^12 <2l3 <^14 
V '^21 ^22 ^23 ^24 

and denote the matrix composed of the ith and jth columns of A (1 < 
^ < i < 4) by A{ij)\ we set Aij = detA{ij). 

It is known that conditions (2) can be divided into two classes: 

1) nondegenerate conditions; 

2) degenerate conditions. 
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Boundary conditions (2) are called nondegenerate if they satisfy one 
of the following relations: 

l)Ai2 7^ 0, 2) Ai2 = 0, ^ 0, 3) A12 = 0, A14+A23 = 0, A34 + 0. 

There is an enormous literature related to the spectral theory of the 
Sturm-Liouville operator with nondegenerate boundary conditions. In 
particular, the following assertion has been proved. 

Theorem ([!]). For any nondegenerate conditions the spectrum 
of problem (1), (2) consists of a countable set {A^} of eigenvalues 
with only one limit point 00, and the dimensions of the corre- 
sponding root subspaces are bounded by one constant. The system 
{un(x)} of eigen- and associated functions is complete and mini- 
mal in ^2(0, 1); hence, it has a biorthogonally dual system {vn{x)}. 

In this paper, we study eigenvalue problems for the Sturm-Liouville 
operator with degenerate boundary conditions. This type of boundary 
conditions has been investigated much less. 

2. Preliminaries. 

Let boundary conditions (2) be degenerate. According to [1, 2], this 
is equivalent to the fulfillment of the following conditions: 

A12 = 0, Au + A23 = 0, Au = 0. 

According to [2], any boundary conditions of the considered class 
are equivalent to the boundary conditions determined by the matrix 

If in the first case 6 = then for any potential q{x) we have the initial 
value problem (the Cauchy problem) which has no eigenvalues. The 
same situation takes place in the second case. 
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Further we will consider the first case if 6 = ±1. Then the boundary 
conditions can be written in more visual form 

u'{0) + (-l)V(7r) = 0, u{0) + {-lf+^u{7r) = 0. (3) 

^ = 0, 1. It is easily shown that if q{x) = then any A G C is an 
eigenvalue of infinite multiplicity. This abnormal example illustrates 
the difficulty of investigation of problems with boundary conditions of 
the considered class. 

Denote by c{x^ /i), s{x, /i) (A = //^) the fundamental system of 
solutions to (1) with the initial conditions c(0,/i) = s'{(},/i) = 1, 
c'(0, /i) = s(0, /i) = 0. The following identity is well known 

c(x, iJ,)s'{x, ii) — c'{x, iJ,)s{x, iJ,) = 1. (4) 

Simple computations show that the characteristic equation of problem 
(1), (3) can be reduced to the form A(/i) = 0, where 

A(/i) = c(7r,/i) - s'(7r,/i). (5) 

By r{z, r) we denote the disk of radius r centered at a point z. By 
PWa we denote the class of entire functions f{z) of exponential type 
< a such that | |/(^)||L2(i?) < c>o, and by PW~ we denote the set of 
odd functions in PWa- 
3. Inverse problem. 

The following two assertions provide necessary and sufficient condi- 
tions to be satisfied by the characteristic determinant A(/i). 

Theorem l.[3] If a function A(/i) is the characteristic determi- 
nant of a problem (1), (3), then 
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where /(/i) G PW^ . 

Theorem 2. Let a function v{ii) have the form 

= ^, (6) 
where f{/j?j G PW~, and satisfies the condition 

< oo, (7) 



— OO 



where m is a nonnegative integer number. Then, there exists a 
function q{x) G VF2"(0, tt) such that the characteristic determinant 
of problem (1), (3) with the potential q{x) satisfies A{iJ,) = v{iJ?j. 

Proof. If m = the theorem was proved in [3]. Further we will 
count that m > 0. Since [4] 

l/MI < Ci||/(/*)||i,(«)e^l^'"''l, (8) 

it follows that there exists an arbitrary large positive integer N such 
that 

\u{t,)\<l/lO, \f{ti)\<l (9) 

on the set |/m/x| < 1, Re/i > N. Let /x^ (n = 1,2,.. .) be a strictly 
monotone increasing sequence of positive numbers such that — (A^+ 
1/2)1 < 1/10 if 1 < n < AT and //^ = n if n > AT + 1. Consider the 
function 

oo 9 9 . 9 9 

n—l n—1 

Obviously, all zeros of the function are simple, and, in addition, 
the inequality 

(-1)«s(A(„) > (11) 
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holds for any n. Denote P(A) = ULiif^l-^)^ QW = Un^ii^i^ - ^) ■ 
Evidently, 

where R{X) is a polynomial of degree N — 1 and aj are some constants. 
It follows from (12) that 

^ ,,2 ,,2 ^ K>^,2^ 

It follows from (10), (13) that 



^n ^ 



5(n) = ^^^^(1 + ^ a,n-2^' + 0(n-2^-2)). (14) 
Consider the equation 

- U{fin)z -1 = 0. (15) 

It has the roots 

^ _ u{iJ,n) ± \/^^(Mn) +4 

It follows from (9) that for any n all numbers lie in the disk r(l, 1/2) 
and all numbers c~ lie in the disk r(— 1, 1/2). Let for even n c„ = c+, 
and for odd n = c~. Then (—l)^ReCn > for any n = 1, 2, . . .. 
This, together with (11) implies that ReWn > for any n, where 

= — T"^- (17) 
We set F(x, t) = Fo(x, t) + F(x, t), where 

Fo(x,t) = "y^ ( sin /i^x sin /i^t sinnxsinnt j , 



F(x,t) = ( sin LLnX sin LLnt sin nx sin nt] . (18) 

One can readily see that Fo(x,t) G C'^{B?). Consider the function 
t). If n > + 1, then, by taking into account (8), (16) and the 
rule for choosing the roots of equation (15), we obtain 

e„ = + M + + 0{lln'^^% (19) 

It follows from (8), (14), (18), and (19) that 



n 



= eZn^i f [(1 + i-^r^ + e;.! + o(i/n2-+2))x 

(1 + E7=i + 0(n-2^-2)) - 1] sinnxsinnt = 

= f Er=7V+i(7n/(n) + E7=i c^i^"'^' + 0(n-2— 2)) sinnxsinnt = 

= {G{x-t)-G{x + t))/2, 

where 

28 00 
^(y) = -Y] ^^(^)' ^i(^) = lnf{n) cosny, 

TV ^ — ^ ^ — ' 

i=\ n=iV+l 

00 m m 00 

G2{y) = a^n"^-^ COS n?/ = q;^ n~^^ cos ny, 

00 

J2 Inn-^"^-^ cos ny 

n=N+l 

where |7^| < C2/n, |7^| < C2. 
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The relation 

oo ^ 

which follows from the Paley- Wiener theorem, together with the Parse- 
val equality and (7), imphes that Gi{y) G 1^2"^^"^ ^tt]. It is known [5] 
that for any j = 1, 2, . . . the series X^^jy+i ^"^"^ cos ny are infinitely 
differentiable functions on the segment [0, 27r]. One can readily see that 
Gs{y) G 1^2"^^"^ [0 5 2^1- Therefore, we obtain the representation 

t) = Fo(x, t) + {G{x -t)- G{x + 1))/2, (20) 

where the functions ^0(2^5 1) and G{y) belong to the above-mentioned 
classes. 

Now let us consider the Gelfand-Levitan equation 

K{x,t) + F{x,t)+ [ K{x,s)F{s,t)ds = (21) 

Jo 

and prove that it has a unique solution in the space ^2(0, x) for each 
X G [0,7r]. To this end, it suffices to show that the corresponding 
homogeneous equation has only the trivial solution. 
Let f(t) G 1^2(0, x). Consider the equation 

f{t)+ / F{s,t)fis)ds = 0. 
Jo 

Following [6] , by multiplying the last equation by / (t) and by integrat- 
ing the resulting relation over the interval [0, x], we obtain 

/; mi'dt +^Er^i^^ Jo m sin f,jdt /; /(.) sin f,^sds- 

- ErSii I Jo" fW sin ntdt /(s) sin nsds = 0. 
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This, together with the Parseval equality for the function system {sin nt}i 
on the interval [0, tt] implies that 



CXD 




X 



f{t) smjintdt^ = 0, 







where the Wn are the numbers given by (17). Since ReWn > 0, we 
see that f{t) sin /intdt = for any n = 1,2,.... Since [7, 8] the 
system {sin fint}T complete on the interval [0, tt], we have f{t) = 
on [0, x]. 

Lei K{x,t) be a solution of equation (21), and let = 2-^K(x, x); 
then it follows [9] from (20) that q(x) G W^{0,7r). By s(x,/x), 
c{x, ji) we denote the fundamental solution system of equation (1) 
with potential q{x) and the initial conditions s(0, jj) = c'(0, jj) = 0, 
c{O^IJ,) = 5'(0,/i) = 1. By reproducing the corresponding consider- 
ations in [6], we obtain s(7r,/i) = s(/i), whence it follows that the 
numbers /j!^ form the spectrum of the Dirichlet problem for equation 
(1) with potential q{x), and c(7r, /i^) = c^, which, together with iden- 
tity (4), implies that s'(7r,/i^) = 1/c^. 

Let A(/i) be the characteristic determinant of problem (1), (3) with 
potential q{x)). Let us prove that A(/i) = v{/^)- By theorem 1, the 
function A(//) admits the representation 

A(M) - H 

where /(//) G PW~. By taking into account relation (4) and the fact 
that the numbers are roots of equation (15), we have 

A{flri) = C(7r, fin) - S\7r, fin) = Cn - = v{fln). 
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It follows that the function 

_ ^(m) - A(/i) ^ /(/i) - /(m) 
s(/i) 

is an entire function on the complex plane. Since the function ^(/i) = 
/(//) — f{fi) belongs to PW~ , it follows from (8) that 

< Cse'^l'""'!. (22) 

From (10), we find that if |/m/i| > 1, then 

> C4e"l^"^^l (23) 

(C4 > 0).lf |/m/i| > 1, then we obtain the estimate \^[^)\ < C3/C4. 

By H we denote the union of the vertical segments {z : \Rez\ = 
n + 1/2, |/m^| < 1}, where n = + 1, + 2, . . .. It follows from 
(10) that if G i7, then |/is(/i)| > C5 > 0. The last inequality, 
together with (22), (23), and the maximum principle for the absolute 
value of an analytic function, imphes that |<^^(/i)| < Cq in the strip 
\Imii\ < 1. Consequently, the function ^(/i) is bounded on the entire 
complex plane; therefore, by the Liouville theorem, it is a constant 
. It follows from the Paley- Wiener theorem and the Riemann lemma 
[1] that if |/m/i| = 1, then li^\^\^oo 9if^) = 0? whence, we obtain 

= 0. 

4. Completeness and the basis property. 

Completeness of the root function system of problem (1), (3) was 
investigated in [10]. In particular, it was shown that if q{x) G C^[0, tt] 
for some A; > 0, and q^'^^O) ^ (— l)g*^^)(7r), then the root function 
system is complete in L2(0,7r). If there exists an e > such that 
q{x) — q{7r — x) = for almost all x G [0, e], then the mentioned 
system is not complete in ^2(0,77). In was established in [3], [11] 
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that there exist potentials q{x) such that the root function systems of 
corresponding problems (1), (3) are complete in L2(0,7r) and contain 
associated functions of arbitrary high order, i.e. the dimensions of root 
subspaces infinitely grow. 

Since for a wide class of potentials q{x) the root function system of 
problem (1), (3) is complete in iv2(0, tt) one can set a question whether 
the mentioned system forms a basis. 

Let = fi^ {Re /In >0,n = l,2,...)be the eigenvalues of problem 
(1), (3) numbered neglecting their multiplicities in nondecreasing order 
of absolute value. By m(A^) we denote the multiplicity of an eigenvalue 
Xn- In addition, assume that the function q{x) is continuous on the 
interval (0, tt). 

Theorem 3. Suppose a subsequence of eigenvalues A^^ satisfies 
the following two conditions: 

1. \Imfink\ < 

^. nmA;^oo in|A„^| - 

Then the system of eigenf unctions and associated functions of 
problem (1), (3) is not a basis in L2(0,7r). 

Proof. Let us calculate the Green function ^, /i) of operator 
(1), (3). By [9], = i7(x,^,/i)/A(/i), where = 

^, /i)/2 + g{x, O^M, where 

^{x, ^, /i) = s(x, /i){c'(7r, /i)[-c(^, /i)s(7r, //) - - c(7r, //))]■ 

-[1 - c(7r, //)][c(^, //)(-! + s'(7r, fi)) - s(^, ij)c!{ti, fi)]}- 
-c(x, + s'(7r, /i)][-c(C, /i)s(7r, - s(^, /i)(-l - c(7r, 
+s(7r, /i)[c(^, + s'(7r, /i)) - /i)c'(7r, /i)]}, 

(24) 

g{x,^) = di(s(x, /i)c(^, /i) — c(x, /i))/2, the sigh " +" is used 
for x > ^, and the sigh " — " is used for x < ^. Combining like terms 
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in (24) gives 

-[c(7r, /i) + 5'(7r, /i)] [5(x, /i)c(C, /x) + c(x, /i)s(C, (25) 
+2[c'(7r, /i)s(x, /i)s(^, /i) + s(7r, /i)c(x, /i)c(^, /i)]. 

Let e(x, /i) be tlie solution of equation (1) satisfying the initial 
conditions e(0,/i) = 1, e'(0,/i) = i/j,, and let K(x,t), K^{x,t) = 
K{x, t) + i^(x, — t), and K~(x^ t) = i^(x, t) — K(x^ —t) be the trans- 
formation kernels [1] realizing the representations 





(26) 



It was shown in [12] that 



c(7r, y) 



cosTT/i H — {q) 



Sm TT// 



TT 



dK'^{n, t) sin /it 



dt 




5t II 



, TT, .sinvr/i r dK (7r,t)sin/it , , ^, 

s'(7r,/i) =cos7r/i + -(g) ^+ / — ^dt, (28) 

Z fi Jq ux fji 



where {q) = ^ q(x)dx. By differentiating the second of equalities 
(26) and taking into account [12] that i^+(7r, tt) = |(^), we obtain 



c'(7r, /i) = — /isiuTT/i H — (5)cos7r/i+ / ^ — ^ — cosfitdt. (29) 
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By substituting the right-hand sides of (26-29) in (25) , we get 

$(x,^, //) = 2(sin/ia;cos/i^ — cos/ixsin/i^)///— 
—2 cos 7r/i(sin fix cos ji^ + cos jix sin ji^)/ /i+ 
sin TT/i sin //x sin /x^ + sin tt/x cos ^ix cos /i^) //i + o(/i~^)e^l^"^^l = 
= 2[sin/i(x - + sin/i(7r - (x + 0)]/m + o(/i"^)e^l^^^l. 

Throughout the following we assume that |/m/i| < M. Then the 
last equality implies that 

G{x,i,^) = ?^^^ + 9{xS, (30) 

where 

R{x^ (J, /i) = [sin ii(x — C) + sin /i(7r — (x + + o{iJi~^). (31) 

Let us study the function G{x, ^, /i) in the neighborhood of the 
eigenvalues A^. It follows from [3] that each root subspace contains 

one eigenfunction and possibly associated functions. Let (x)} 
{h = 0, m{\n)) be an arbitrary canonical system of eigenfunctions and 

associated functions of problem (1), (3), and let {v^ (x)} be appro- 
priately normalized canonical system of eigenfunctions and associated 

functions of the adjoint boundary value problem [13], i.e. {x) and 

(x) are eigenfunctions, and u^^ (x) and (x) {h > 1) are associated 
functions of order h, where 

{Un {x),Vj, (x))2,2(0,7r) = Sn,A,m{>^n)-l-g- 

Further we consider only root subspaces corresponding the mentioned- 
above subsequence of the eigenvalues A^^. Denote 





Rrik ^^rik (a^)^nfc (0. 



12 



m(An^)-l 



Since the function f{/i) has a root of multiplicity m{Xn,J at the 
point firik, then 

oo oo 

(32) 

Obviously, c^(A„^) = f^'^^^-0\^^^)/m{\n,)\. Relations (30) and (32), 
together with [13] imply the equality 

From the Bernstein inequality [4] , we obtain 

|^(m(A„,))(^^j| < C-j^mlAn,)^ (34) 

It follows from (33) and (34) that 
where C2 > 0, hence, 

II Rrik (^7 ?))lli2((0.7r)x(0.7r)) - 

(35) 

where C3 > 0. 
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^(An^)-l 

If Vnj^ (^) 7^ 0, then the function R (x,^) is an associated 
function of order m{\n^ — 1, corresponding to the eigenvalue and 

the eigenfunction u^^ [x). It follows from [14] that 

2 

II Rrik (^'OllL2(7r/3,7r/2) ^ 

m(A„ )-l I'^OJ 

< [C4m(A„,)|M„Jl^™(^»^'-^|| n,(^,?)llL(./4.3./4). 

where C4 is a constant independent of ^. If v^^ (^) = 0, then the 
validity of (36) is obvious. It follows from (36) and [15] that 

W Rn. (^,0111,(0,.) < [C5m(A„J|/.„J]2™(^«.)-2|| R (x,6lli(o,.). 

(37) 

By integrating inequality (37) with respect to ^, we have 



Ruk (^'OllL2((0,7r)x(0,7r) ^ 



m(A„ )-l (38) 

< [C6m(A„J|/.„J]2"'(^»*)-2|| R „,(x,Olli((o.,)xM)- 
It follows from (31) that 

Il^(2^,^,/^nj||i2((0,7r)x(0,7r)) > C'7|/^r^J"^ (39) 

where C7 > 0. 

Relations (35) , (38) , (39) , and the Stirling formula imply that 

where Cg, Cg > 0. By the conditions of the theorem, the right-hand 
side of the last inequality tends to infinity as A: ^ 00. This, combined 
with a resonance type theorem [16] implies the validity of theorem 3. 
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